The dynamical glass state of a coupled map system, which has many periodic attractors in phase space is studied. We find that the measure of the structurally critical attractors (just before bifurcation points) is large, and hence the global structure of the dynamical glass state is critical.
Understanding complex phenomena in spatially extended dynamical systems is one of the most important problems in nonlinear science. Efforts to classify and characterize various phenomena have produced interesting new concepts, e.g., spatiotemporal intermittency,I>· 2 > self-organized criticality, 3 > chaotic itineracy 4 > and so on.
Recently, temporally periodic and spatially irregular motion in coupled map systems was reported by Kaneko 5 > and Fujisaka, Egami and Yamada. 6 > Fujisaka et al. found that extremely many attractors coexist in phase space and that the relaxation process from an initial state to one of the attractors is chaotic and anomalously slow. This is the reason why the state is called a dynamical glass state.
>
In this paper, we study the spatially one-dimensional extended dynamical system (1) where xis the coordinate, Ut(x) is the state variable at x at discrete time t ( =0, 1, 2, ···), c( >O) is the spatially coupling parameter, and /(u) is a mapping function. Equation (1) is equivalent to (2) This is a coupled map system with the local dynamics Ut+l = /(ut), which is derived from a reaction-diffusion system. 7 > Thus c denotes the effective diffusion constant. Here the mapping function /(u) is taken to be the logistic map /(u)=a-u 2 with the control parameter a. However, results obtained below are not specific to the logistic map, and can be applied to other maps of the same class. We use the periodic
where L is the system size. The simultaneous transformation L->sL, c->s 2 c with the scale factors leads to a system equivalent to (1) (or (2)). Hereafter we thus fix c=l.O and vary the system size L.
To solve the dynamics (2) numerically, we discretize space into the lattice points xj=jl, l=L/NL and get (3) where ¢jj'=-l¢(xJ-xy). The behavior of (3) does not depend on the lattice size/, as long as it is sufficiently small. In this paper, we take l =0.125. The dynamical system (3) is a coupled map system with the interactions ¢jj'. Various phenomena for other interactions have been studied by many authors. 6 > Beyond Lc, the homogeneous chaotic motion is unstable; (3) exhibits a periodic motion with a sine wave like pattern for L = L*:::: 16.0, and also a similar periodic motion whose pattern is a two wave for L =2L*. For larger systems, similar spatially coherent attractors are hidden in the phase space, but the basins of attraction shrink as L-->oo. At the same time, many other attractors appear.
For a certain initial state Uo and L=512.0, the trajectory focuses on an attractor G. The attractor is temporally periodic with period 4 and consists of 4 points Gs (s =0, 1, 2, 3) in phase space, where Gs is mapped to Gs+l, and G4= Go. Figure 1 (a) displays a snapshot of G. It appears that its spatial pattern consists of a periodic-like spatial oscillation with different local minima (maxima) around u::::0.05 and -0.75 (1.3 and 1.6). As there is apparently no periodicity on the values of the local minima (or maxima), the pattern is spatially disturbed. Many similar attractors coexist in phase space for different initial states. We show another example in Fig. 1(b) . The relaxation processes from initial states to these attractors are discussed in Ref. 6) , and the relaxation is chaotic and anomalously slow. For the above-mentioned reasons, the dynamical state which has such attractors is called a dynamical glass state.
Let us consider the bifurcations of these attractors. When the nonlinear parameter a is increased slowly from ao at 10-4 steps, the transition of the attractor is observed, as shown in Fig. 2 . A small increase of a causes only a quantitatively slight change of the spatial pattern. However, beyond ac the attractor is destroyed, and the orbit focuses to one completely different attractor after a long chaotic transient. At this critical point a= ac, even a small increase of the parameter changes the qualitative aspects of the attractor. Hence the dynamical state is referred to as structurally unstable. 9 > On the other hand, decreasing a from ao, the spatial disturbance of the local minima and maxima shrink, and at a=ap=:e1.45 the attractor changes to a spatially coherent attractor whose local minima (maxima) take the same value Umtn(Umax). Here, the wave-number k is 30, as shown in Fig. 2(d) . That is to say, the spatially coherent attractor is unstable at a=ap and temporally period-doubled attractors with disturbed patterns appear.
As the different attractors have different thresholds a= ac, we discuss the statisti-w-2 cal properties for a set of attractors c<i) with different initial states Uou> (i=l, 2, ···, NG~l). For a given L, we define the distance to the critical point (4) where ac( cu>) is the threshold of the Figure 3 shows € as a function of the system size L, which exhibits (5) where a~0.46 and eo~0.40. For a large system, we note that a small increase of the parameter brings about the destruction of the attractor. As a result, such attractors effectively are not structurally stabile. On the other hand, the distances from ao to the other bifurcation point a=ap do not have an obvious dependence on the systemsize L.
Such a dynamical glass state is observed in the wide parameter region 1.5 <a < 1.75. This fact suggests the global structure of the phase space is complicated, as follows. For example at a=ao=l.65, we obtain a set of attractors G'u> from random initial states Uo<i), which shows the behavior described in the last paragraph. We note that if a is decreased from ao to ao= 1.58, each attractor continuously changes to G"<i>. The set of attractors cu> at a=ao contains G"u> because G"<'> is attractive. As we cannot observe any transitions of the attractor in the change from G'u> to G"u>, if a is increased from ao to ao, G"<i> continuously changes to G'< 0 .
Thus, the distance to the critical point .s( G"U>) takes the large value .s( G"<i)) > ao-ao. However, the set of c<i) has the property described by Eq. (5), and therefore the measure (i.e., the size of the attractive basin) of the set of G"<i> is small at a=ao. The outline of this complicated phenomena is schematically shown in Fig. 4 . It seems reasonable to conclude that the dynamical glass state has many attractors and that the measure of the structurally critical attractors is large for L~ Lc. A small increase of the parameter brings about the structural destruction of a large volume in phase space, so we say the dynamical glass state is structurally critical.
Next, we characterize the distribution of e. The relation (5) enables us to introduce the exponent a( cu>; L)= -log .S( cu>)jlogL, (6) where .S(GU>)=e(GU>)/eo. Then we introduce the probability P(a; L)da for a(cu>; L) to take a value in the interval [a, a+da] with a probability density
where 8(g) is the 8-function of g. From the scaling property (5), we expect that the probability density asymptotically takes the form (8) for L->oo, where a* is the position of the maximum of P(a; L). In which have obvious scaling properties and self-similarity (e.g., the natural invariant measure on a chaotic attractor has self-similar structures). Therefore, the scaling structure (8) suggests that dynamical glass states with different system size have a kind of hidden similarity. Indeed, if we suitably connect the patterns of two attractors with size L1 and L2, an attractor with size L1 + L2 is formed.
Namely, the spatial pattern of an attractor of the large system contains the spatial patterns of some attractors in itself. These self-similarities may be the cause of the scaling structure. However, the physical origin of the relation (5) and the scaling structure (8) points, the average distance from the initial value to the critical point in the control parameter space reflects the system size dependence (5) . Hence the set of attractors which are just before the critical points has a large basin (measure) in phase space for L~ Lc. These results suggest that the basin structure of the dynamical glass state is critical. This critical state turns out to be characterized by (6)~ (8) . In this paper, we discuss the stability of the attractors and the global basin structures for increasing the parameter a. Increasing the system size L (or decreasing the coupling parameter c) causes similar phenomena because a small change in the (a, L) plane leads to qualitatively the same behavior. This structural critical state shows other interesting behavior. In particular relaxation from the initial points to the attractor states exhibits anomalous ordering processes. These will be discussed elsewhere. Selforganized criticality may be conceptually close to the structural criticality discussed in this paper. To clarify their interrelation is one of our future problems. Dynamical glass states are observed in other systems, 5 >' 13 >'
14 > and we expect those systems to show similar behavior.
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